A Kirkman packing design KPD ({3, 4 * * }, v), is a resolvable packing of a v-set by the maximum possible number of parallel classes, each containing two blocks of size 4 and all other blocks of size three. Such designs can be used to construct certain threshold schemes. In this paper, direct and recursive constructions are discussed for such designs. The existence of a KPD ({3, 4 * * }, v) is established for every v ≡ 2 (mod 3) with v ≥ 32.
Introduction
A packing of X is a collection of subsets of X (called blocks) such that any pair of distinct points from X occur together in at most one block in the collection. A packing is called resolvable if its block set admits a partition into parallel classes, each parallel class being a partition of the point set X.
A Kirkman packing design, denoted KPD (K, v), is a resolvable packing of a v-set by the maximum possible number m(v) of parallel classes, each containing the same number of blocks of each size in K. If there is only one block of size s in every parallel class of KPD, and all others have block size w, we denoted it by KPD ({w, s * }, v). In [4, 6] , such a design is also called Kirkman school project design when K = {3, s}, s ∈ {2, 4}. When K = {3}, such a design is called Kirkman Triple System KTS(v) if v ≡ 3 (mod 6) or Nearly Kirkman Triple System NKTS(v) if v ≡ 0 (mod 6).
It is shown in [3, Lemma 2.1] that a KPD ({w, s * }, v) can be used to construct a (2,w)-threshold scheme when s ≥ w. In this scheme, the number of keys is the number of parallel classes in the KPD. In fact, any KPD (K, v) can be used to construct a (2,w)-threshold scheme if k ≥ w for any k ∈ K. The proof is similar to the proof of Lemma 2.1 in [3] . So, for given w and v, we need to minimize the number of pairs of points contained in each parallel class, if we want to construct a threshold scheme having maximum number of keys. Let u ≡ v (mod w). It's not difficult to show that if K = {w, w + 1} and any parallel class contains u blocks of size w + 1 and (v − u(w + 1))/w blocks of size w, then the number of keys is maximum.
In this paper, we consider w = 3. The known results concerning KPD ({3, s}, v) for s = 3, 4, v ≡ 0, 1 (mod 3), are as following. 
Frames and IKPDs
In this section we will give some small designs for our recursive constructions. We generalize the idea of [6, 9, 3] and construct incomplete Kirkman packing designs IKPD ({3, 4 * * }, v, w). We shall also use frames in both direct and recursive constructions.
A group-divisible design (GDD) is a triple (X, G, B) which satisfies the following properties: (i) X is a finite set of points, (ii) G is a partition of X into subsets called groups, (iii) B is a set of subsets of X (called blocks), such that a group and a block contain at most one common point, and every pair of points from distinct groups occur in exactly one block.
The type of a GDD is the multiset {|G| : G ∈ G}. We denote the type by 1 u 1 2 u 2 · · ·, where there are precisely u i occurrences of i, i ≥ 1. The set of block sizes is denoted by K. A transversal design TD(k, n) is a k-GDD of type n k . It is idempotent if it contains a parallel class of blocks.
A GDD(X, G, B) is called frame resolvable if its block set B can be partitioned into frame parallel classes, each class being a partition of X − G j for some G j ∈ G. A Kirkman frame is a frame resolvable GDD in which all the blocks have size three. It is well known that to each G j there are exactly |G j |/2 frame parallel classes of triples that partition X − G j . The groups in a Kirkman frame are often referred to as holes. From Stinson [13] , we have the following result. In what follows, we take the point set
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For each B ∈ {0 4 11, 0 5 13, 0 10 26, 0 14 34}, B × {1} and B × {2} together generate three auxiliary parallel classes by +1 modulo 57 since each block contains three elements different modulo 3. This gives the twelve auxiliary parallel classes. The thirteenth auxiliary parallel class is generated +3 modulo 57 by {0 1 19 1 38 1 , 0 2 19 2 38 2 }. P contains the following blocks, where the subscripts on a are evaluated mod 3. Proof: Take the point set ( In the remaining part of this section, we will use a small variant of the above constructions such that the rth parallel class P r will consist of two parts Q r and F r , 0 ≤ r ≤ t−1. The main part Q r will be generated from Q 0 modulo t. We assume that t = kn, k ≡ 1 (mod 3) and k ≥ 4 so that the ith Kirkman frame of type 2 k is based on the set {i, n+i,
Take F r to be the frame parallel class with the hole {r} × {1, 2} in the ith Kirkman frame. In the following constructions, we need to list the parameters v, h and k, and the blocks of Q 0 . Note that Q 0 contains all points of
Proof: Take the point set ( For later use, we combine these IKPDs in the following. For convenience, we also combine these KPDs in the following Lemma. 
Main results
In this section, we show our main results. We shall use the following 'Filling in Holes' construction. 
Proof:
For 1 ≤ i < u, there are g i /2 frame parallel classes missing the group of size g i , and the same number of parallel classes in the IKPD ({3, 4 * * }, g i + h, h) which contains two blocks of size four; match them up arbitrarily, placing the g i points of the IKPD on the ith group of the frame and the h points in its hole on h new points.
Next, each IKPD contains (h − 5)/2 auxiliary parallel classes of triples. From unions of these with (h − 5)/2 parallel classes of the KPD ({3, 4 * * }, g u + h), to form (h − 5)/2 additional parallel classes. There remain g u /2 parallel classes of the KPD ({3, 4 * * }, g u + h), which can be matched arbitrarily with the g u /2 frame parallel classes of the uth group to complete the construction.
In order to use the 'Filling in Holes' construction illustrated above, we will require Kirkman frames in which the holes are not necessarily all of the same size. To get these, we use the following 'Weighting' construction (see, e.g. Stinson [13] To get more Kirkman frames we also need the following results on 4-GDD of type g 4 m 1 . From Rees [11] and [7] we have: 
The (v − 6)/2 parallel classes will be generated mod t from an initial parallel class P . For each v, P contains the following blocks. We construct a KPD ({3, 4 * * }, 23) referred to in Lemma 2.10 on the point set V = Z 9 × {1, 2} ∪ H, H = ({a} × Z 3 ) ∪ {∞ 1 , ∞ 2 }. The required nine parallel classes will be generated mod 9 from the initial parallel classes P . P contains the following blocks where the subscripts on a are evaluated mod 3. The KPD ({3, 4 * * }, 41) referred to in Lemma 2.10 is constructed on the point set V = Z 9 × {1, 2, 3, 4} ∪ H, H = {∞ 1 , · · · , ∞ 5 }. The required 18 parallel classes will be generated mod 9 from two initial parallel classes P 1 and P 2 . The blocks in P 1 and P 2 are as follow.
